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I.Feldman, N.Krupnik, A.Marcus , Hilbert $H(\neq\{0\})$ $P(\neq$
$0,$ $I)$ $P^{2}=P$ , $Q=I-P$ . , $\alpha,$ $\beta$ , $H$ $\alpha P+\beta Q$
(FKMI) (cf. $[2],[7],[3],[14]$ )
$(FKM1)$
$\gamma:=|\frac{\alpha-\beta}{2}|^{2}(||P||^{2}-1)$ .
, $H$ $L^{2}(W),$ $P$ $P+$ , $\alpha,$ $\beta$ , $\alpha,$ $\beta\in L^{\infty}$
, –




$(Sf)(():= \frac{1}{\pi i}\int_{T}\frac{f(\eta)}{\eta-\zeta}d\eta$ $(a.e.\zeta\in T)$ ,
( Cauchy ). $P+:=(I+S)/2$ , $P_{-}:=(I-S)/2$ , ( )
$L^{2}(W)$ $||P+||_{L^{2}(W)}$ $||S||_{L^{2}(W)}$
$\inf_{k\in H^{\infty}}||\phi-k||_{\infty}<1$ outer $h\in H^{2}$
$\phi:=\overline{h}/h,$ $W:=|h|^{2}$ ,
$||P_{+}||_{L^{2}(W)}= \{1-\inf_{k\in H^{\infty}}||\phi-k||_{\infty}^{2}\}^{-1/2}$
, $\alpha,$ $\beta$ , (FKMl)
$(FKM2)$




$||S_{\alpha,\beta}||_{L^{2}(W)}:=$ $\sup$ $||S_{\alpha,\beta}f||_{L^{2}\langle W)}$
$||f||_{L^{2}(W)}=1$
$\alpha,$
$\beta$ $W$ , (FKM2) - , $\alpha,$ $\beta$
$W$ [9]
1.1 $\alpha,$ $\beta$ $W$
$G(\gamma)$ $F$
$\alpha,$ $\beta\in L^{\infty}$ , $\gamma\in L^{\infty}$ $\zeta$ $G(\gamma)\in L^{\infty}$
$((\in T)$ .
$\alpha,$ $\beta\in L^{\infty},$ $h\in H^{2}$ outer , $\phi=\overline{h}/h$ , $x$ $F$




(1) $||S_{\alpha,\beta}||_{L^{2}\langle W)}<\infty$ , $F(||S_{\alpha,\beta}||_{L^{2}(W)}^{2})=||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$
(2) $\inf_{k\in H^{\infty}}||\phi-k||_{\infty}<1$ , $||S_{\alpha,\beta}||_{L^{2}(W)}<\infty$ , $F(x)=x$
– $x=||S_{\alpha,\beta}||_{L^{2}\langle W)}^{2}$








, $x$ 2 1.1(1) $x=||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$
, (FKM2)
, $\alpha,$ $\beta$ $W$ $\phi$ $F(x)$ ,
$||S_{\alpha,\beta}||_{L^{2}}^{2}=F(||S_{\alpha,\beta}||_{L^{2}}^{2})=F(0)$
,
1.1 $\alpha,$ $\beta\in L^{\infty}$ $W\equiv 1$ ,
$||S_{\alpha,\beta}||_{L^{2}}^{2}= \inf_{k\in H^{\mathrm{c}}}$
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1.2 $\alpha(\zeta)=\zeta+1,$ $\beta(\zeta)=1,$ $W(\zeta)=|\zeta.+1|^{1/2}$ ,
$\mathit{2}\leq||S_{\alpha,\beta}||_{L^{2}(W)}<\mathit{2}.04$
1.1 , $\alpha,$ $\beta\in L^{\infty}$ $W$ 1.3
1.3 (FKM2)
$\phi=\overline{h}/h$ $W=|h|^{2}$ ,
$||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$ $=$ $\inf_{k\in H^{\infty}-k|<1}||\frac{|\alpha|^{2}+|\beta|^{2}-\mathit{2}Re(\overline{\alpha}\beta(1-\overline{\phi}k))}{1-|\phi-k|^{2}}||_{\infty}$
$=$ $\inf_{k\in H^{\infty},|\phi-k|<1}|||\alpha|^{2}+\frac{|\overline{\beta}-\overline{\alpha}(1-\overline{\phi}k)|^{2}}{1-|\phi-k|^{2}}||_{\infty}$
$=$ $\inf_{k\in H\infty,|\phi-k|<1}|||\beta|^{2}+\frac{|\alpha-\beta(1-\overline{\phi}k)|^{2}}{1-|\phi-k|^{2}}||_{\infty}$ .
(FKMl) 1.1 (FKM2) (FKMl)
1.1 , 1.1 $H=L^{2}(W)$ , $\alpha,$ $\beta$
1.1, 1.2, 1.3
2 Feldman, Krupnik, Marcus (FKMl) 2
[2] –
3 Cotlar-Sadosky lifting [1] Hilbert 1.1
3 [10] – 2
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2 . (FKMl) Feldman, Krupnik, Marcus
Feldman, Krupnik, Marcus [2] Hilbert $H(\neq\{0\})$
$P(\neq 0, I)$ $P^{2}=P$ $\alpha=\beta$ $\alpha P+\beta Q=\alpha I$
$||\alpha P+\beta Q||=|\alpha|$ (FKMl)
$\alpha\neq\beta$ $P$ $ImP=\{Pf;f\in H\}$
, $ImP$ $(ImP)^{\perp}$ $P^{2}=P\neq I$
, $ImP\neq H$ $P$ $P^{2}=P$ , $ImP$




, $H_{1},$ $H_{2}$ , $H$ :
$H=H_{1}\oplus H_{2}$
, $f\in H$ $f1\in H_{1},$ $f_{2}\in H_{2}$
$f=f_{1}+f_{2}$ ,
$(f1, f_{2})=0$ , $T:H_{2}arrow H_{1}$




$(\alpha P+\beta Q)f$ $=$ $(\beta I+(\alpha-\beta)P)f$
$=$ $\beta f+(\alpha-\beta)Pf$
$=$ $\beta(f_{1}+f_{2})+(\alpha-\beta)(f_{1}+Tf_{2})$
$=$ $\alpha f_{1}+(\alpha-\beta)Tf_{2}+\beta f_{2}$
$f=f_{2}$ ,
$(\alpha P.+\beta Q)f_{2}=(\alpha-\beta)Tf_{2}+\beta f_{2}$
, $Tf_{2}\in H_{1}$ $(Tf_{2}, f_{2})=0$ ,
$||(\alpha P+\beta Q)f_{2}||^{2}=||(\alpha-\beta)Tf_{2}||^{2}+||\beta f_{2}||^{2}$
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, $T^{*}f1\in H_{2}$ $(f1, T^{*}f1)=0_{\mathrm{o}}$
$||(\alpha P+\beta Q)f_{1}||^{2}=||\alpha f1||^{2}+||(\alpha-\beta)T^{*}f_{1}.||^{2}$.
,
$||\alpha P+\beta Q||^{2}$ $=$ $||(\alpha P+\beta Q)^{*}||^{2}$







$|| \alpha P+\beta Q||^{2}\geq\max\{|\alpha|^{2}, |\beta|^{2}\}+|\alpha-\beta|^{2}\cdot||T||^{2}$ .
$\alpha\neq\beta$ $|| \alpha P+\beta Q||=\max\{|\alpha|, |\beta|\}$
$T=0$ , $|| \alpha P+\beta Q||=\max\{|\alpha|, |\beta|\}$ (FKMl)
, $|| \alpha P+\beta Q||>\max\{|\alpha|, |\beta|\}$ (FKMl) ,
$||\alpha P+\beta Q||^{2}$ $=$ $\max\{\lambda;\lambda\in\sigma((\alpha P+\beta Q)^{*}(\alpha P+\beta Q))\}$
$=$ $\max\{\lambda;\lambda\in\sigma((\alpha P+\beta Q. )^{*}(\alpha P+\beta Q)), \lambda>\max\{|\alpha|^{2}, |\beta|^{2}\}\}$
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$|| \alpha P+\beta Q||>\max\{|\alpha|, |\beta|\}$ , $||\alpha P+\beta Q||^{2}$ $(\alpha P+\beta Q)^{*}(\alpha P+\beta Q)-\lambda I$
$\lambda>\max\{|\alpha|^{2}, |\beta|^{2}\}$ $\lambda$
,
$(\alpha P+\beta Q)^{*}(\alpha P+\beta Q)-\lambda I$
$=$ $(|\alpha|^{2}-\lambda)f_{1}+\overline{\alpha}(\alpha-\beta)Tf_{2}+\alpha(\overline{\alpha}-\overline{\beta})T^{*}f_{1}+(|\alpha-\beta|^{2}T^{*}T+(|\beta|^{2}-\lambda)I)f_{2}$
, 2.1
$B$ : $H_{2}arrow H_{1}$ ,
$C$ : $H_{1}arrow H_{2}$ ,

















$M,$ $N$ , $A$ D–CB
( )
2.1 , $(\alpha P+\beta Q)^{*}(\alpha P+\beta Q)-\lambda I$
$(\lambda-|\alpha|^{2})(\lambda-|\beta|^{2})I-\lambda|\alpha-\beta|^{2}T^{*}T$
, $\lambda>\max\{|\alpha|^{2}, |\beta|^{2}\}$ ,
$\lambda\in\sigma((\alpha P+\beta Q)^{*}(\alpha P+\beta Q))\Leftrightarrow\frac{(\lambda-|\alpha|^{2})(\lambda-|\beta|^{2})}{\lambda}\in\sigma(|\alpha-\beta|^{2}T^{*}T)$
,
$f( \lambda):=\frac{(\lambda-|\alpha|^{2})(\lambda-|\beta|^{2})}{\lambda}$
, $\lambda>\max\{|\alpha|^{2}, |\beta|^{2}\}$ $f(\lambda)$ ,
$||( \alpha-\beta)T||^{2}=\max\{\lambda;\lambda\in\sigma(|\alpha-\beta|^{2}T^{*}T)\}$
,




$| \alpha-\beta|^{2}(||P||^{2}-1)=f(||\alpha P+\beta Q||^{2})=\frac{(||\alpha P+\beta Q||^{2}-|\alpha|^{2})(||\alpha P+\beta Q||^{2}-|\beta|^{2})}{||\alpha P+\beta Q||^{2}}$.
$||\alpha P+\beta Q||^{4}-(|\alpha|^{2}+|\beta|^{2}+|\alpha-\beta|^{2}(||P.||^{2}-1))||\alpha P+\beta Q||^{2}+|\alpha\beta|^{2}=0$ .
$2||\alpha P+\beta Q||^{2}$







$3.1\sim 3.5$ , 11
$\mathrm{f}\mathrm{f}\mathrm{i}^{arrow}--\text{ }$ . $\{k_{n}\}$ &
$F(x)=narrow\infty 1\dot{\mathrm{r}}\mathrm{m}||G(x-\alpha\overline{\beta}-\overline{\phi}k_{n})||_{\infty}$
$H^{\infty}$ $\epsilon>\cdot 0$ ,
$||G(x-\alpha\overline{\beta}-\overline{\phi}k_{n})||_{\infty}\leq F(x)+\epsilon$ , $(n\geq n_{0})$
$n_{0}$ $n\geq n_{0}$ , $||k_{n}||_{\infty}\leq F(x)+\epsilon+||x-\alpha\overline{\beta}||_{\infty}<\infty$
$H^{\infty}$ $L^{\infty}$ $*$ (cf. [5, p.197]) , $\{k_{n_{j}}\}$
$k_{0}\in H^{\infty}$
$\lim_{jarrow\infty}(k_{n_{j}}, g)=(k_{0},g)$ , $(g\in L^{1})$ ;
, $H^{\infty}$ $\{h_{n}\}$ $h_{n}$ $k_{n_{j}}$ 1
$\lim_{narrow\infty}||h_{n}-k_{0}||_{L^{2--}}0$
(cf. [13, p.160, Problem 6]) , $\{h_{n_{j}}\}$
$\lim_{jarrow\infty}|k_{0}(\zeta)-h_{n_{j}}(()|=0, (.a.e.\zeta\in T)$


















$\epsilonarrow 0$ , , 1.2 $F(x)$ infimum
k=k attain ( )
. $\lambda$ $\mu$ $\lambda+\mu=1$ $y=a^{2}+\sqrt{t^{2}+b^{2}}$ $t\geq 0$
, , ,
$\lambda F(x)+\mu F(y)$ $=$ $\lambda$ $. \inf_{k_{1}\in H^{\infty}}||G(x-\alpha\overline{\beta}-\overline{\phi}k_{1})||_{\infty}+\mu\inf_{k_{2}\in H^{\infty}}||G(y-\alpha\overline{\beta}-\overline{\phi}k_{2})||_{\infty}$
$\geq$ $\inf_{k_{1}\in H^{\infty}}\inf_{k_{2}\in H^{\infty}}||\lambda G(x-\alpha\overline{\beta}-\overline{\phi}k_{1})+\mu G(y-\alpha\overline{\beta}-\overline{\phi}k_{2})||_{\infty}$
$\geq$ $\inf_{k_{1}\in H^{\infty}}\inf_{k_{2\in}H^{\infty}}||G(\lambda|x-\alpha\overline{\beta}-\overline{\phi}k_{1}|+\mu|y-\alpha\overline{\beta}-\overline{\phi}k_{2}|)||_{\infty}$
$\geq$ $\inf_{k_{1}\in H^{\infty}}\inf_{k_{2}\in H^{\infty}}||G(\lambda x+\mu y-\alpha\overline{\beta}-\overline{\phi}(\lambda k_{1}+\mu k_{2}))||_{\infty}$
$\geq$ $. \inf_{k\in H^{\infty}}||G(\lambda x+\mu y-\alpha\overline{\beta}-\overline{\phi}k)||_{\infty}$
$=$ $F(\lambda x+\mu y)$ .
3.3 $x \geq\max\{|\alpha|^{2}, |\beta|^{2}\}$
$G(\sqrt{x-|\alpha|^{2}}\sqrt{x-|\beta|^{2}})=x$ .








3.4 $F(x)\leq x$ $x\geq||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$
. ( ) $x\geq||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$ ,
$||S_{\alpha,\beta}f||_{L^{2}(W)}^{2}\leq x||f||_{L^{2}(W)}^{2}$ , $(f\in A+\overline{A_{0}})$ .
$||\alpha f_{1}+\beta f_{2}||_{L^{2}(W)}^{2}\leq x||f_{1}+f_{2}||_{L^{2}(W)}^{2}$ , $(f_{1}\in A, f_{2}\in\overline{A_{0}})$ .
$A$ ( Fourier ) ,




, $f1\in A$ $f_{2}\in\overline{A_{0}}$
$(W_{1}f_{1}, f_{1})+(W_{2}f_{2}, f_{2})+\mathit{2}Re(W_{3}f_{1}, f_{2})\geq 0$






















$=$ $x(W(f_{1}+f_{2}), f_{1}+f_{2})-(W(\alpha f_{1}+\beta f_{2}), \alpha f_{1}+\beta f_{2})$
$=$ $((x-|\alpha|^{2})Wf_{1},$ $f_{1})+((x-|\beta|^{2})Wf_{2},$ $f_{2})+2Re((x-\alpha\overline{\beta})Wf_{1},f_{2})$
$\geq$ 2 ($\sqrt{x-|\alpha|^{2}}\sqrt{x-|\beta|^{2}}W|f_{1}$I$f_{2}|)-\mathit{2}|((x-\alpha\overline{\beta})Wf_{1},$ $f_{2})|$
$=$ $2(\sqrt{x-|\alpha|^{2}}\sqrt{x-|\beta|^{2}}.W|f_{1}|,$ $|f_{2}|)-\mathit{2}|(((x-\alpha\overline{\beta})W-h^{2}k)f_{1},$ $f_{2})|$
$\geq$ $2(\sqrt{x-|\alpha|^{2}}\sqrt{x-|\beta|^{2}}W|f_{1}|,$ $|f_{2}|)-\mathit{2}(|(x-\alpha\overline{\beta})W-h^{2}k||f_{1}|,$ $|f_{2}|)$
$\geq$ $0$ , $(f_{1}\in A, f_{2}\in\overline{A_{0}})$ .
$x\geq||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$ ( )
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$X \mathrm{l}\mathrm{n}1_{\infty}||\psi-k||_{\infty}+\cdot A||\max\{|\alpha|, |\beta|\}||_{\infty}^{\wedge}k\in H^{\cdot}$
, 1.1
(1) : $s:=||S_{\alpha,\beta}||_{L^{2}(W)}^{2}$ $x=s$ $F(x)=x$




$s \geq F(s)=\lim_{xarrow s}F(x)=\lim_{xarrow s-0}F(x)\geq\lim_{xarrow s-0}x=s$
, $F(s)=s$
(2) : $t\neq s$ $F(t)=t$ $t$ 34 , $t>s$
$x$ $x>t$ $s<t<x$ ,
$\lambda,$
$\mu$ $\lambda+\mu=1$ $t=\lambda s+\mu x$ 3.2





$\mu x=t-\lambda s\leq\mu F(x)$
$\mu>0$ , $x\leq F(x)$ $x>s$
, 3.4 , $F(x)\leq x$ ,
$F(x)=x$ , $(x>t)$
35 ,
$x \leq x_{k\in}\inf_{\infty}||\phi-k||_{\infty}+\mathit{2}\max\{||\alpha||_{\infty}^{2}, ||\beta||_{\infty}^{2}\}$ , $(x>t)$
,
$\inf_{k\infty}||\phi-k||_{\infty}\geq 1$ .
, $t\neq s$ $F(t)=t$ $t$ ( )
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